ABSTRACT. In this paper we consider the relationship between real quadratic fields, their class numbers and the continued fraction expansion of related ideals, as well as the prime-producing capacity of certain canonical quadratic polynomials. This continues and extends work in [10]- [31] and is related to work in [3]- [4] .
1.
Introduction. The first objective of this paper is to classify those square-free positive integers d such that there are no split primes p < y/Â/2 where A is the discriminant of Q{\fd)\ i.e., all primes p < \J~Kj2 are inert or ramified. This continues and extends work begun in [10] In [22] the last two authors used the generalized Riemann hypothesis (GRH) to list all of these forms. Moreover this situation is intimately linked to the prime-producing capacity of a certain canonical quadratic polynomial/^(JC) (see Remark 2.2) similar to the well-known Euler-Rabinowitsch polynomial (see Remark 3.3) which is related to the class number one problem for complex quadratic fields, (see the elucidation in [19] for example). Therefore, in [29] we were able to give a complete Rabinowitsch analogue for real quadratic fields. We say complete because if we require fd(x) to be prime for all x with 1 < x < y/Â/2 (as is the case for the Euler-Rabinowitsch polynomial) then having this tantamount to h(d) = 1 forces d to be of narrow RD type. In [23] the last two authors looked at other quadratic polynomials with large (not necessarily consecutive) prime-producing capacity which were related to the h(d) = 1 problem for extended Richaud-Degert (ERD)-types; i.e., those forms d = I 1 + r with 41 = 0 (mod r). Using the results of the second author in [18] and assuming the GRH the last two authors (in [23] ) used the techniques similar to that of [29] to complete the task of determining all ERD-types with h{d) -1, and left several conjectures pertaining to prime-producing quadratic polynomials, all but one of which were verified by the first author in [12] . Subsequent to [23] [20] for a detailed elucidation). This new approach (also explored by the first author in [11] ) led the last two authors to seek a general real quadratic field analogue of the Rabinowitsch condition for complex quadratic fields having class number one. They did so by looking for a precise prescription for the factorization (over the rational integers) of/</(jc) investigated in [29] . They had success for small period lengths of UJ (see Section 2) The wealth of results which came out of the above investigation (including a new record for prime-producing quadratic polynomials given in [26] which surpassed that of the celebrated Euler polynomial) led the authors to question what it would mean to allow ramified primes/? < VÂ/2 (but no split primes); i.e., to relax the restriction which the last two authors had so thoroughly investigated. This brings us back to the first main result of this paper which is the classification of such d in Theorem 3.1. It turns out that this situation also forces d to be of ERD-type but not necessarily of class number one. The machinery used to prove Theorem 3.1 is contained in the preliminary Lemmas 3.1-3.8. Some of these preliminary results are of interest in their own right, and two of them, Lemmas 3.5 and 3.7, generalize results of the first author in [10] . Moreover these lemmas investigate the link between prime-producing quadratic polynomials and the situation where there are no split primes less than \/À/2. We also settle a question of Halter-Koch raised in [4] which motivates the introduction of Lemmas 3.1-3.8. After the proof of Theorem 3.1 we discuss the phenomenon of prime-producing quadratic polynomials and the class number one problem for real quadratic fields as studied in [4] We now turn to the next section which sets the stage with the machinery needed. We prove some results in Section 2 which are either not readily available in the literature or are folklore and deserve to see the light of print with elementary proofs such as Theorems 2.5 and 2.7.
2. Notation and preliminaries. Throughout d will denote a positive square-free integer, and K = Q{\fd). We let OK denote the maximal order in K, and the discriminant A, of K is 4d/a 2 where _ f 2 ifd=l (mod 4)
Let [a, /3] be the module {ax + fly : x,y G Z}, where Z denotes the rational integers. Then we note that OK = [1, UJ] where UJ = (a -1 + \fd)jo, and A = (UJ -UJ) 2 where UJ is the algebraic conjugate UJ. The norm of a G K is denoted N(a) = aâ. Equivalence of two ideals / and / of OK is denoted / ~ 7, and a principal ideal generated by a is written (a). Also {/} will denote the equivalence class of / in the class group CK of K. In the following we give an elucidation of the theory for reduced ideals. Proofs of these results and further details may be found in [39] , (see also the description in [20] ) and see [8] . A primitive ideal / is said to reduced if it does not contain any non-zero element a satisfying both \a\ < N(l) and \â\ < N(I). (with L J being the greatest integer function). Therefore, Qi < 2\fd. For convenience we set a -a$.
From the well-known results in [38] we get that the continued fraction expansion of (b+uj)/N(I) yields all the reduced ideals in OK equivalent to /; i.e., are special cases of the ideal-theoretic interpretation of the very old idea of reducing quadratic forms which is generally believed to have originated with Hermite (see [20] ). In what follows let
Observe that/</(jc) is a canonical choice in that it is "norm-induced" as was the polynomial in Rabinowitsch • We also need the following well-known result which we prove for convenience's sake, and because an appropriate reference is not readily available. 
PROOF. By Theorems 2.1-2A, CK is generated by
Since a reduced ideal is, a fortiori, primitive, then any prime ideal fP dividing// is not inert and satisfies N(^P) < N(Ii) < \J~Rj2. Now it is clear that the finite set of non-inert prime ideals dividing any //, for 1 < / < h{d), generates CK-• There are many well-known criteria for CK to have class number equal to 1. We list some useful ones here. PROOF. The equivalence of (1) and (2) is Theorem 2.6. The equivalence of (1) and (3) (1) and (4) is merely the observation that all non-inert primes p < A/K/2 divide fd(x), (see Lemma 3.1 below). The equivalence of (1) and (5) is [14, Theorem 2, p. 119].
• For certain special forms of d we have results concerning h(d) = 1 which will be useful to us later. ]). As with the Euler polynomial, the prime-producing capacity of certain canonical polynomials was linked to the class number one problem. Although Theorem 2.6 is a well-known general criteria for a real quadratic field to have class number one in terms of the factorization of a "norm-induced" quadratic polynomial/^*), the last two authors sought a more precise description of the factorization of that polynomial. They were able to do this in [25] and [27] by intimately linking the problem to the period length 7r of the continued fraction expansion of LU. The detailed description which this allowed, however, meant that the algebraic calisthenics necessary to be performed were extremely intricate, and after solving the problem for IT < 5 they had exhausted the algebraic techniques available. It is an open problem as to whether or not an algorithm exists for extending their algebraic techniques to the general case.
With the exhaustion of the techniques mentioned above the last two authors turned their attention to other polynomials in [23]- [24] . This allowed them to look at the class number one problem for the general ERD-types, which they began in [29] for narrow RD-types, (whose class number one was characterized therein by the (strictly) primeproducing capacity of fd(x)). They left conjectures pertaining to the relationship between the class number one problem for ERD-types and these new polynomials in We first need some very useful and informative preliminary lemmas. Although some of these results are contained in [10] we include them here in order to make this paper as self-contained as possible. Moreover the proofs presented here are, for the most part, more elementary than those in [10] . Furthermore, some of these results are useful generalizations of results in [10] and [11] from the principal class to arbitrary classes. The reader will thereby be led in a step-wise fashion to the main result. 
whence, p is not inert.
• In what follows R K denotes the subgroup of CK generated by the ramified prime ideals; (whence, R& is of exponent 2 since IP = î* for all ramified primes).
PROOF. This follows immediately from Theorem 2.7.
• which falls into case (4) (5) . By Lemma 3.4, d can only be written in one such way. Therefore the continued fraction expansion for any ramified prime *P with NiJP) < y/Â/2 yields that p\r. By Theorem 2.7 then CK is generated by the primes with norm dividing r. For case (5) it suffices to complete the case by showing that if A = 1 (mod 4) then A/r is prime since the remainder is similar. If it were not prime then there exist 1 < d\ < di such that d/r -d\d2-Since djd\ -rd2 > di > d\, the ideal of norm d\ is reduced; so its norm d\ divides r, a contradiction.
Pr-
If 7T = 2 and we are not in case (5), then from the proof of Lemma 3. (2), (3) and (4) .
It suffices to show the primality of one of the factors for any of the cases since they all have the same proof. We take d = P\ + 2Pi = (Pi + l) 2 Finally the analysis for the case 7r = 4 is similar to that of IT -2 so we do not repeat it. Hence (a) => (c).
To show that (c) => (a) we only have to prove that (5) => (a) since the other cases appear in [ 10] . We need to show that there are no split primes *P of norm N(CP) < A/A/ 2. This follows from Theorems 2.3 and 2.5 together with Lemma 3.8.
• , this exceptional value would be a counterexample to the Riemann hypothesis. However, proving the conjecture by algebraic means seems to be highly difficult since the upper bound in the conjecture is not a "Minkowksi-type" bound. Given the above comments one might wonder about the more general question: What is the largest number of consecutive prime values that a quadratic polynomial can assume? There is reason to believe that the answer is: Any number of consecutive prime values may be assumed. We are indebted to Andrew Granville for the following elucidation which illustrates this contention.
Hardy and Littlewood considered a generalization of the twin prime conjecture. Essentially they reasoned as follows.
The consensus is that both/? and/? + 2 are prime infinitely often, (where p is prime). Can we have /?,/? + 2, and p + 4 simultaneously prime infinitely often? For the following reasons the answer is no. Clearly p ^ 0 (mod 3). If p = -1 (mod 3) then p + 4 = 0 (mod 3) and if p = 1 (mod 3) then p + 2 = 0 (mod 3). A similar argument holds for /?, p + 2, p + 6, p + 8, p + 24 to have one of them always divisible by 5. To generalize this idea, consider a finite set of positive integers R = {n, rç,... r k }. Clearly if q is a prime such that for each n, 1 < n < q we have nf = i(« + n) = 0 (mod q), then there cannot exist infinitely many values/? such that {/? + r/}* =1 are all simultaneously prime. If such a prime q exists then R is called inadmissable. Otherwise R is admissible', i.e., R is admissable if and only if for all primes q there exists an integer a q with 1 < a q < q such that Yt i=x {a q + n) ^ 0 (mod q).
Hardy and Littlewood reasoned that if there is no good reason why/?+n, p+ri,... ,/?+ r k cannot all be simultaneously prime infinitely often then they should be; or, more accurately, THE PRIME ^-TUPLES CONJECTURE (HARDY AND LITTLEWOOD (SEE [5] - [6] )). If R is an admissable set then there are infinitely many integers n such that n + r is prime for each r £ R. (The twin prime conjecture is then the case R -{0,2}). Now, with reference to the previous discussion, we have CLAIM. The set R = {r\, r 2 ,..., r m } is admissable. If q -2 then let a q -1. Now, each r, is even so UjLi(rj + 1) is odd. For each odd prime q let b q be any quadratic non-residue modulo q, and set a q = (1 -^)/4 (mod q). If UjL\(fj + a q ) = 0 (mod q) then r 7 + a q = 0 (mod q) for some j with 1 <j<M; i.e., rj = -a q (mod q). Therefore, (2/ + l) 2 = 4r y + 1 = 1 -\a q = b q (mod q). Thus we achieve the contradiction that b q is a quadratic residue modulo q. We have shown that HjL\( r j + a q) ^ 0 (mod q)\ whence, the claim is secured. Now, by the prime ^-tuples conjecture we know that there exist arbitrarily large values of n for which {n +fj}jL\ are primes. Pick such an n and we see that/(x) = x 2 + x + n is prime for x -1,2,..., M. m REMARK 3.3. From a non-theoretical (heuristic) point of view, it becomes an interesting question to see if we can find an n in Theorem 3.3 for M = 50 say. The largest number of known consecutive distinct (initial) prime values taken on by a quadratic polynomial is 45 (see [25] for such an example which supplants Euler's celebrated polynomial x 2 -x + 41 where M = 40). The methodology for doing this would be to pick n so that 1 -An is a quadratic non-residue for all primes q < 200 say. Then one can look at values of n is some residue classes modulo n^<200 #• Perhaps some sieve methods would provide us with a desired value of n. This is a problem for future investigation. It follows that n is odd, q is odd, a = -1 (mod 4).
Thus if h(d) = lwe must have all of these conditions above being true when 2\k.
One case which is useful to eliminate is that of n = 1, k = 2. In this case Since qa > a 2 , this means that a < 61. We note that if a = -1 (mod 3) and a ^ -1 (mod 9) then qa + (a 2 -l)/q^e0 (mod 3). •
